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Abstract

Cartesian and polar form of a complex number. The Argand diagram. Roots of unity. The relation-
ship between exponential and trigonometric functions. The geometry of the Argand diagram.

1 The Need For Complex Numbers
All of you will know that the two roots of the quadratic equation az? + bz +c =0 are

o —b+Vb% — dac

5 (1)

and solving quadratic equations is something that mathematicians have been able to do since the time
of the Babylonians. When b? — 4ac > 0 then these two roots are real and distinct; graphically they are
where the curve y = az? + bz + ¢ cuts the z-axis. When b? — 4ac = 0 then we have one real root and
the curve just touches the z-axis here. But what happens when b?> — 4ac < 0? Then there are no real
solutions to the equation as no real squares to give the negative b> — 4ac. From the graphical point of
view the curve y = ax? + bx + ¢ lies entirely above or below the z-axis.
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It is only comparatively recently that mathematicians have been comfortable with these roots when
b? — 4ac < 0. During the Renaissance the quadratic would have been considered unsolvable or its roots
would have been called imaginary. (The term ‘imaginary’ was first used by the French Mathematician
René Descartes (1596-1650). Whilst he is known more as a philosopher, Descartes made many important
contributions to mathematics and helped found co-ordinate geometry — hence the naming of Cartesian
co-ordinates.) If we imagine v/—1 to exist, and that it behaves (adds and multiplies) much the same as
other numbers then the two roots of the quadratic can be written in the form

r=A+By-1 (2)

where
[Aac — b2
A= —2£ and B = %b are real numbers.
a a

*These handouts are produced by Richard Earl, who is the Schools Liaison and Access Officer for mathematics, statistics
and computer science at Oxford University. Any comments, suggestions or requests for other material are welcome at
earl@maths.ox.ac.uk



But what meaning can such roots have? It was this philosophical point which pre-occupied mathe-
maticians until the start of the 19th century when these ‘imaginary’ numbers started proving so useful
(especially in the work of Cauchy and Gauss) that essentially the philosophical concerns just got forgotten
about.

Notation 1 We shall from now on write i for /—1. This notation was first introduced by the Swiss
mathematician Leonhard Euler (1707-1783). Much of our modern notation is due to him including e and
w. Buler was a giant in 18th century mathematics and the most prolific mathematician ever. His most
important contributions were in analysis (eg. on infinite series, calculus of variations). The study of
topology arguably dates back to his solution of the Konigsberg Bridge Problem. (Many books, particularly
those written for engineers and physicists use j instead.)

Definition 2 A complex number is a number of the form a + bi where a and b are real numbers. If
z = a + bithen a is known as the real part of z and b as the imaginary part. We write a = Rez and
b = Imz. Note that real numbers are complex — a real number is simply a compler number with no
imaginary part. The term ‘complex number’ is due to the German mathematician Carl Gauss (1777-
1855). Gauss is considered by many the greatest mathematician ever. He made major contributions to
almost every area of mathematics from number theory, to non-Fuclidean geometry, to astronomy and
magnetism. His name precedes a wealth of theorems and definitions throughout mathematics.

Notation 3 We write C for the set of all complexr numbers.

One of the first major results concerning complex numbers and which conclusively demonstrated their
usefulness was proved by Gauss in 1799. From the quadratic formula (1) we know that all quadratic
equations can be solved using complex numbers — what Gauss was the first to prove was the much more
general result:

Theorem 4 (FUNDAMENTAL THEOREM OF ALGEBRA). The roots of any polynomial equation
ag + a1z + ax® + - - + apa™ = 0 with real (or complex) coefficients a; are complex. That is there are n
(not necessarily distinct) complex numbers vy, ...,~, such that

ao + a12 + agx® + -+ + ana” = an (€ — 7)) (T —72) -+ (€ —7,) -
In particular the theorem shows that an n degree polynomial has, counting multiplicities, n roots in C.

The proof of this theorem is far beyond the scope of this article. Note that the theorem only guarantees
the existence of the roots of a polynomial somewhere in C unlike the quadratic formula which plainly
gives us the roots. The theorem gives no hints as to where in C these roots are to be found.

2 Basic Operations

We add, subtract, multiply and divide complex numbers much as we would expect. We add and subtract
complex numbers by adding their real and imaginary parts:-

(a+bi)+ (c+di) = (a+c)+(b+4d)i,
(a+bi)—(c+di) = (a—c)+(b—4d)i.
We can multiply complex numbers by expanding the brackets in the usual fashion and using % = —1,

(a4 bi) (¢ + di) = ac + bci + adi + bdi* = (ac — bd) + (ad + be) i,
and to divide complex numbers we note firstly that (c + di) (¢ — di) = ¢ + d? is real. So

a+ bi a+ bi c—dii ac + bd bc—ad) .
2 12 212 ¢

c+di  c+di “e—di

The number ¢ — di which we just used, as relating to ¢+ di, has a special name and some useful properties
— see Proposition 11.



Definition 5 Let z = a + bi. The conjugate of z is the number a — bi and this is denoted as Z (or in
some books as z*).

e Note from equation (2) that when the real quadratic equation ax?® + bz + ¢ = 0 has complex
roots then these roots are conjugates of each other. Generally if zy is a root of the polynomial
2™ + ap_12"" 1 + -+ ag = 0 where the a; are real then so is its conjugate Zo.

Problem 6 Calculate, in the form a + bi, the following complex numbers:

(1+3i) 4+ (2—6i), (1+3i)—(2—6i), (1+3i)(2—6i), ;fiﬁ

The addition and subtraction are simple calculations, adding (and substracting) real parts, then imaginary
parts:

(1+30)+2-6i)) = (1+2)+(3+(-6))t=3—33;
(14+3)—(2-6i)) = 1-2)+B—(-6))i=-1+9:.
And multiplying is just a case of expanding brackets and remembering 2 = —1.

(1+3i)(2—6i) =2+ 6i — 6i — 18i* = 2+ 18 = 20.

Division takes a little more care, and we need to remember to multiply through by the conjugate of the
denominator:

1+3i  (143)(2+6i) 2+6i+6i+18°> —16+12 —2 3

5 6 (2-6)(2t6i)  2i6 40 5 10"

We present the following problem because it is a common early misconception involving complex
numbers — if we need a new number i as the square root of —1 then shouldn’t we need another one for
the square root of ? But 22 = i is just another polynomial equation, with complex coefficients, and two
(perhaps repeated) roots are guaranteed by the Fundamental Theorem of Algebra. They are also quite
easy to calculate:—

Problem 7 Find all those z that satisfy 2% = i.
Suppose that 22 =4 and z = a + bi, where a and b are real. Then
i = (a+bi)’ = (a® —b?) + 2abi.
Comparing the real and imaginary parts we see that
a>—b*=0 and 2ab=1.

So b = +a from the first equation. Substituting b = @ into the second equation gives a = b = 1/4/2 or
a=b= —1/\/5. Substituting b = —a into the second equation of gives —2a? = 1 which has no real
solution in a.

So the two z which satisfy 22 = 4, i.e. the two square roots of i, are

L4i ol
V2 V2

Notice, as with square roots of real numbers, that the two square are negative one another.



Problem 8 Use the quadratic formula to find the two solutions of
22— (3+i)z+(2+4) =0.
We see that a =1, b= -3 — 4, and ¢ =2 +1. So
b —dac=(—3—0)° —4x1x (24+i)=9—1+6i — 8 — 4i = 2i.

Knowing

1+
Vi=+ 7
V2

from the previous problem, we have

—b+ Vb —dac _ (B+i) V2 (3+i)+V2Vi

%, 2 2
N (144) A2 2
— (3H)2(“): J;Zor§:2+i0r 1.

Note that the two roots are not conjugates of one another — this need not be the case here as the
coefficients a, b, ¢ are not all real.

3 The Argand Diagram

The real numbers are often represented on the real line which increase as we move from left to right

The real number line

The complex numbers, having two components, their real and imaginary parts, can be represented as a
plane; indeed C is sometimes referred to as the complex plane, but more commonly when we represent
C in this manner we call it an Argand diagram. (After the Swiss mathematician Jean-Robert Argand
(1768-1822)). The point (a,b) represents the complex number a + bi so that the z-axis contains all the
real numbers, and so is termed the real azis, and the y-axis contains all those complex numbers which
are purely imaginary (i.e. have no real part) and so is referred to as the imaginary axis.

2+ e3:2i
o-3+1 1t
-4 —é 2 4
1t
2t
3t e2-3i

An Argand diagram



We can think of zg = a + bi as a point in an Argand diagram but it can often be useful to think of it as
a vector as well. Adding zp to another complex number translates that number by the vector (Z) That
is the map z — z + zg represents a translation a units to the right and b units up in the complex plane.

Note that the conjugate Z of a point z is its mirror image in the real axis. So, z +— Z represents reflection
in the real axis. We shall discuss in more detail the geometry of the Argand diagram in Sections 9 to 11.

A complex number z in the complex plane can be represented by Cartesian co-ordinates, its real and
imaginary parts, but equally useful is the representation of z by polar co-ordinates. If we let r be the
distance of z from the origin and, if z # 0, we let 8 be the angle that the line connecting z to the origin
makes with the positive real axis then we can write

z=ux+1iy =rcosf +irsinb. (3)

The relations between z’s Cartesian and polar co-ordinates are simple — we see that
x = rcosf and y=rsinb,
r = +y/2?2+y? and tanf = Ly
x
Definition 9 The number r is called the modulus of z and is written |z|. If z = x + iy then

|z] = v a? + 2.

Definition 10 The number 0 is called the argument of z and is written arg z. If z = x + iy then
Y d g L
———— and cosargz = ———.
/$2 + y2 /$2 + y2
Note that the argument of 0 is undefined. Note also that arg z is defined only upto multiples of 2w. For

example the argument of 1+ i could be /4 or 9 /4 or —Tw /4 ete. For simplicity in this course we shall
give all arguments in the range 0 < 6 < 2 so that w/4 would be the preferred choice here.

sinarg z =

2, Iz z
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A Complex Number’s Cartesian and Polar Co-ordinates
We now prove some important formulae about properties of the modulus, argument and conjugation:—

Proposition 11 The modulus, argument and conjugate functions satisfy the following properties. Let
z,w € C.Then

2wl = |2/, 2= B i w0,

wl - Jwl

zrw=Zxw, Zw =7 w,

arg (zw) = argz + argw if z,w # 0, ZZ = |z\2,
arg(i):argz—argw if z,w#0, (i> :é if w#0,

w w w

Iz = |2l argz = —argz,

|z +w| < 2] + |w], 2] = Jw|| < [z —w].



A selection of the above statements is proved here; the remaining ones are left as exercises.
Proof. |zw| = |z| |w].
Let z = a+ bi and w = ¢+ di. Then zw = (ac — bd) + (bc + ad) i so that

|zw] = \/(ac —bd)* + (be + ad)?
\/CLQCQ +b2d2 + b2¢2 + a2d?
= (a2 +b?) (2 +d?)

= Va2 +b?VeE+d?=|z||w].

|
Proof. arg (zw) = arg z + argw.
Let z =r(cosf +isinf) and w = R (cos O + isin©). Then

zw = rR(cosf+isinh) (cos® + isinO)
= rR((cosfcosO — sinfsin O) + i (sin 6 cos © + cos O sin O))
= rR(cos(f+©)+isin(0+0)).
We can read off that |zw| = rR = |z| |w|, which is a second proof of the previous part, and also that

arg (zw) = 04+ © = argz + argw, up to multiples of 2.

| |
Proof. Zu =7 w.
Let 2z =a+ bi and w = ¢+ di. Then

zZw = (ac—bd)+ (bc+ad)i
(ac — bd) — (bc+ ad) i
= (a—bi)(c—di)=Zw.

[
Proof. (Triangle Inequality) |z + w| < |z| + |w| — a diagrammatic proof of this is simple and explains
the inequality’s name:—

A Diagrammatic Proof Of The Triangle Inequality

Note that the shortest distance between 0 and z 4+ w is the modulus of z 4+ w. This is shorter in length
than the path which goes from 0 to z to z 4+ w. The total length of this second path is |z| + |w]| .



For an algebraic proof, note that for any complex number
z+zZ=2Rez and Rez <|z|.

So for z,w € C,

—— =Re(2w) < |20] = |2 0] = |2] w].
Then
z+w® = (z+w)(z+w)
= (z4w)(z+w)
= 2Z+2W + Zw + ww
< 2 4 2z ] + [w] = (|2 + [w])?,

to give the required result. =

4 Roots Of Unity.

Consider the complex number
2o = cosf +isinf

where 6 is some real number. The modulus of zy is 1 and the argument of zj is 6.
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In Proposition 11 we proved for z,w # 0 that
|zw] = |z] Jw| and arg(zw) = argz + argw,

and so for any integer n, and any z # 0, we have that

|2"| = |z" and arg(z")=nargz.

So the modulus of (z)" is 1 and the argument of (2)" is nf or putting this another way we have the
famous theorem due to De Moivre:

Theorem 12 (DE MOIVRE’S THEOREM) For a real number 0 and integer n we have that

cosnfd + isinnf = (cosd + isinf)

(De Moivre(1667-1754), a French protestant who moved to England, is best remembered for this formula
but his major contributions were in probability and appeared in his The Doctrine Of Chances (1718)).



We apply these ideas now to the following:
Problem 13 Let n be a natural number. Find all those complex z such that z™ = 1.

We know from the Fundamental Theorem of Algebra that there are (counting multiplicities) n solutions
— these are known as the nth roots of unity.

Let’s first solve z™ = 1 directly for n = 2, 3, 4.

e When n = 2 we have
0=22-1=(2-1)(z+1)

and so the square roots of 1 are *1.
e When n = 3 we can factorise as follows
0=2"-1=(2-1)(z+2+1).

So 1 is a root and completing the square we see
3
0=2"+z+1= <z+—) +3

which has roots —1/2 4 1/3i/2. So the cube roots of 1 are

-1 3 -1 3
1 and —+£i and7—£i.

2 2 2
e When n = 4 we can factorise as follows
0=z'-1=(2-1)(*+1) =(2—1) (2 + 1) (2 —9) (2 +1),
so that the fourth roots of 1 are 1,—1,7 and —1.

Plotting these roots on Argand diagrams we can see a pattern developing
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Returning to the general case suppose that
z=r(cosf +isinf) and satisfies 2" = 1.

Then by the observations preceding De Moivre’s Theorem z™ has modulus ™ and has argument nf whilst
1 has modulus 1 and argument 0. Then comparing their moduli

=1 = r=1.

Comparing arguments we see n = 0 up to multiples of 27. That is nf = 2kn for some integer k giving
0 = 2km/n. So we see that if 2 = 1 then z has the form

2km . [ 2km . .
z=-cos| — ) +¢sin | — | where k is an integer.
n n

At first glance there seem to be an infinite number of roots but, as cos and sin have period 27, then these
z repeat with period n.



Hence we have shown

Proposition 14 The nth roots of unity, that is the solutions of the equation 2™ =1, are

2 2
z:cos<%)+isin<%> where k=0,1,2,...,n— 1.

Plotted on an Argand diagram these nth roots of unity form a regular n-gon inscribed within the unit
circle with a vertex at 1.

Problem 15 Find all the solutions of the cubic 23 = —2 + 2i.

If we write —2 4 27 in its polar form we have

—2+2i = \/§<cos (‘%ﬁ) + isin (‘%”)) .

So if 23 = —2 4 2i and z has modulus r and argument  then
=48 and 30 = %T up to multiples of 27,

which gives
2k
r=+2 and 6= % + Tﬂ for some integer k.

As before we need only consider k =0, 1,2 (as other k lead to repeats) and so the three roots are
\/5(005 (E) + 2sin (z)) = 143,
4 4
17 17 -1 V3 V3 o1
2 3 _— ) S1 —_— = _ ) —_ =
\/—<cos<12>+zsm<12)> (2 2>+z<2 2),
197\ . (197 -1 V3\ [ V3 1
vz ( (E) +isin (E)) = (7 + 7) i (‘7 - 5) ~

5 The Complex Exponential Function

The real exponential function e” (or exp ) can be defined in several different ways. One such definition
is by power series
x?2 a3 "
T=14z+ — +§+ +H+"'

(Recall here that the notation n! denotes the product 1x2x---xnand is read ‘n factorial’). It is the
case that the infinite sum above converges for all real values of . What this means is that for any real
value of our input x, as we add more and more of the terms from the infinite sum above we generate a
list of numbers which get closer and closer to some value — this value we denote e”. Different inputs will

mean the sum converges to different answers. As an example let’s consider the case when x = 2:

1 term: 1 =1.0000 6 terms: 1+---+ 12’2} >~ 7.2667
2 terms: 142 =3.0000 7 terms 14+---+ 71220 ~ 7.3556
3 terms: 142 + 2 =5.0000 8 terms 1+4---+ = 7.3810
4 terms: 1-+- § ~6.3333 9 terms 1+---4+ 4%%%0 ~ 7.3873
5terms: 1+4---+35 =7.0000 oo terms e =~ 7.3891

This idea of a power series defining a function should not be too alien — it is likely that you have already
seen that the infinite geometric progression

l+o+a?+a° 4+ 42"+

converges to (1 — x)fl, at least when |z| < 1. This is another example of a power series defining a
function.



Proposition 16 Let x be a real number. Then

) 1,2 1.3 n
+$+E+§+"'+E+"'

converges to a real value which we shall denote as e*. The function € has the following properties

d
(¢) d—e“” =ée", e =1,
x
(#4) e*tV =e%e¥  for any real x,y.
(4it) e’ > 0 for any real x.

and a sketch of the exponential’s graph is given below.

N W O O N
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The graph of y = e®.

That these properties hold true of e* are discussed in more detail in the appendices at the end of this
article.

e Property (i) also characterises the exponential function. That is, there is a unique real-valued
function e® which differentiates to itself, and which takes the value 1 at 0.

e Note that when x = 1 this gives us the identity

aqa Lo 1
e=1+1ld gttt —te

We can use either the power series definition, or one equivalent to property (i), to define the complex
exponential function.
Proposition 17 Let z be a complex number. Then
. 22 3 on
+Z+§+§+"'+E+"'

converges to a complex value which we shall denote as e*. The function e* has the following properties

- d z z 0
—_ = = 1
() me—e d=1
(ii) T = e%e”  for any complexr z,w,
(iii) e* #0 for any compler z.

Analytically we can differentiate complex functions in much the same way as we differentiate real func-
tions. The product, quotient and chain rules apply in the usual way, and 2™ has derivative nz”~! for any
integer n.

10



We can calculate e® to greater and greater degrees of accuracy as before, by taking more and more
terms in the series. For example to calculate e!*? we see

1 term: 1 = 1.0000

2 terms: 14 (1414) = 2.0000 + 1.0000%
3terms: 1+ (1+4)+2Z =2.0000+ 2.0000:
4 terms: 1+ ( . )—2+ L > 1.6667 + 2.3333i
5terms: 1+ + 52 2 1.5000 + 2.3333i
6 terms: 14+ ---+ *%12*041' =~ 1.4667 4+ 2.3000:
7 terms: 1+---4+ _Tél =~ 1.4667 + 2.28897
8 terms: 14 ---+ 2 o 1.4683 + 2.2873i
9 terms: 1+---4+ 4&% =~ 1.4687 + 2.2873¢
oo terms: elt? >~ 14687 + 2.28744

To close this section we introduce two functions related to the exponential function — namely hyperbolic
cosine cosh z and hyperbolic sine sinh z.

Definition 18 Let z be a complex number. Then we define

e*+e* . e* —e %
coshz = — and sinhz = —

Corollary 19 Hyperbolic sine and hyperbolic cosine have the following properties (which can easily be
derived from the properties of the exponential function given in Proposition 17). For complex numbers z
and w:

' 52 4 20
(i) coshz:1+§+z+~~+®+'~
B . 2’3 25 Z2n+1
d
(i) g coshz =sinhz and e sinh z = cosh z,
z 2
(iv) cosh (z + w) = cosh z cosh w + sinh z sinh w,
(v) sinh (z + w) = sinh z cosh w + cosh z sinh w,
(vi) cosh (—z) = coshz and sinh(—z) = —sinhz.

and graphs of the sinh and cosh are sketched below for real values of x

4
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2 3
1 2.5
2
-2 -1 B 1 2 15
-2
0.5
-3
. -2 -1 1 2
The graph of y = sinhx The graph of y = coshz
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6 The Complex Trigonometric Functions.

The real functions sine and cosine can similarly be defined by power series and other characterising
properties. Note that these definitions give us sine and cosine of = radians.

Proposition 20 Let x be a real number. Then

',1:2 $4 $6 $2"

11— 4= = ... " d
TR TR I A o TR
23 . 25 a7 ) 22+ .

x— —_— —_—— — DY —_— —_— ...
TR T 2n + 1)

converge to real values which we shall denote as cosx and sinz. The functions cosx and sinx have
the following properties

&2
(i) g2 08T = —cosa, cos0=1, cos'0=0,
2
(i1) wsinxzfsin:r, sin0 =0, sin'0=1,
d . d .
(ii1) -, cosa = —sing, and =, Sine = cosz,
(iv) —1<cosz <1 and —1<sinz <1,
(v) cos(—z) =cosz and sin(—z) = —sinz.

e Property (i) above characterises cosz and property (ii) characterises sinz — that is cosz and sinz
are the unique real functions with these respective properties.

1
0.5 0.5
-4 -2 2 4 -4 -2 2 4
-0, -0.5
-1 . -1
The graph of y = sinz The graph of y = cosz

As before we can extend these power series to the complex numbers to define the complex trigonometric
functions.

Proposition 21 Let z be a complex number. Then the series

Z2 2,4 Z6 z?n
11—+ ... " ce. d
SRR T I A o TR
ZS N 25 257 N +( 1)n 22n+1 N
TR TR T @2n + 1)

converge to compler values which we shall denote as cosz and sinz. The functions cos and sin have the
following properties

d2
(i) Ecosz:—cosz, cos0=1, cos'0=0,
&2
1 — sinz = —sin 2, sin0 =0, sin'0=1,
(i) s
141 —cosz=—sinz, and —sinz =cosz
( ) dZ J dZ 9
(iv) Neither sin nor cos are bounded on the complex plane,
(v) cos(—z) =cosz and sin(—z) = —sinz.

12



Problem 22 Prove that cos® z 4 sin® z = 1 for all complex numbers z. (Note that this does NOT imply
that cos z and sin z have modulus less than or equal to 1.)

Define
F (2) = sin® z + cos?® 2.

If we differentiate F' using the previous proposition and the product rule we see
F'(z) =2sinzcosz +2cosz X (—sinz) = 0.
As the derivative F' = 0 then F' must be constant. We note that
F(0) =sin®0+cos?0=0%+1% =1
and hence F' (z) =1 for all z.
Contrast this with:
Problem 23 Prove that cosh? —sinh? z = 1 for all complex numbers z.

Recall that

z —z zZ_ ,—z
coshz = cete” and sinhz = c-—°
2 2
So using e*e™* = ¢*~* = € = 1 from Proposition 17
z\2 zZ,—z z\2 22 z, —z —2\2
cosh? z —sinh? z = (e?) +2¢%e™" + (&) — (¢?) —2e%e™* +(c7)
4 4
4 Z,—2
_ Aefe
4

Remark 24 [t is for these reasons that the functions cosh and sinh are called hyperbolic functions and
the functions sin and cos are often referred to as the circular functions. From the first problem above
we see that the point (cost,sint) lies on the circle x® + y* = 1. As we vary t between 0 and 27 this
point moves once anti-clockwise around the unit circle. In contrast the point (cosht,sinht) lies on the
curve 12 — y? = 1. This is the equation of a hyperbola. Ast varies through the reals then (cosht,sinht)
maps out all of the right branch of the hyperbola. We can obtain the left branch by varying the point
(—cosht,sinht).

7 Identities

We prove here the fundamental identity relating the exponential and trigonometric functions.
Theorem 25 Let z be a complex number. Then
e = cos z + isin z.

Proof. Recalling the power series definitions of the exponential and trigonometric functions from Propo-
sitions 17 and 21 we see

i _ @) G2 62" (2)°

e = 1+iz+ sty T T e
14 22 23 2t b
T T T R

ZQ Z4 Z3 2,5
= <1§+E)+Z<Z§+y)

= cosz—+isinz.

13



e Note that cos z # Ree’® and sin z # Im e’* in general for complex z.

e When we put z = 7 into this proposition we find
™ =—1

which was a result first noted by Euler. Note also that the complex exponential function has period

2mi. That is

e*T2™ — ¢% for all complex numbers z.

e More generally when 6 is a real number we see that
e = cosf +isinb
and so the polar form of a complex number is more commonly written as

Z =Te

rather than as z = rcos@ + isinf. Moreover in these terms, De Moivre’s Theorem (see Theorem

12) states that
(eie)" _ ez'(ne)_

o If z =z + iy then
e = "W = e = % cosy + ie” siny

and so
le*| =€ and arge® =y.

As a corollary to the previous theorem we can now express cos z and sin z in terms of the exponential.
We note

Corollary 26 Let z be a complex number. Then

e e . —e
cosz = ——— and sinz = -
2 21
and
coshz = cosiz and isinhz =siniz
cosz = coshiz and isinz =sinhiz.

Proof. As cos is even and sin is odd then
iZ _ . .
e =cosz+1sinz

and

e ¥ =cosz —isinz.

Solving for cosz and sin z from these simultaneous equations we arrive at the required expressions.
The others are easily verified from our these new expressions for cos and sin and our previous ones for
cosh and sinh. m
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8 Applications

We now turn these formula towards some applications and calculations.
Problem 27 Let 0 be a real number. Show that

cos 50 = 16 cos® 6 — 20 cos® O + 5 cos 6.
Recall from De Moivre’s Theorem that

(cos B +isin0)° = cos 560 + i sin 50.
Now if x and y are real then by the Binomial Theorem
(x + iy)5 = 2% + bizty — 1023y? — 10iz?y® + Say? + iyP.

Hence

cosb0 = Re(cosd+ isinh)’

= cos® 0 — 10 cos® 0sin? 0 + 5 cos O sin 6

= cos’ 0 —10cos®f (1 — cos®0) + 5cosf (1 — cos® 9)2
(1 410+ 5)cos® @ + (=10 — 10) cos® @ + 5cos f
= 16cos’ 8 — 20 cos® 0 + 5cosb.

Problem 28 Let z be a complex number. Prove that

1 1 3
sin? z = gcos4z— 50032z—|— —.

8

Hence find the power series for sin® z.

We have that

So

sin“z = (eiz - e_iz)

—~
[\
<

=

W~

e4iz _ 462iz 16— 46—21'2 + e—4z'z)

(e4iz 4 e—4z'z) 4 (€2iz T e—2iz) 4 6)

J— =
*“c:l"‘c:l’_‘
—~ —

= — (2cosdz —8cos2z +6)

1 1 3
= gcos4z— 50032z—|— 3’

—
(=}

as required. Now sin® z has only even powers of 22" in its power series. When n > 0 the coefficient of
2%" will then equal

42n 1 2277, n 24n73 _ 2277,71

a2 XY g = Y T

2n

x (—1)" z

which we note is zero when n = 1. Also when n = 0 we see that the constant term is 1/8 —1/2+43/8 = 0.
So the required power series is

o0 4n—3 2n—1
, 24n=3 _ 92n

sin? z = Z (-1) WZQ".

n=2

15



Problem 29 Prove for any complex numbers z and w that
sin (z + w) = sin z cos w + cos z sin w.

Recalling the expressions for sin and cos from Corollary 26 we have

eiz _efiz eiw_~_67iw eiz_’_efiz eiw _efiw
H =
s = () (=) () ()

2€iz€iw _ 2€—ize—iw
49
ei(z+w) _ e—i(z+w)

= 5 = sin (z + w) = LHS.

Problem 30 Prove that for complex z and w
sin (z 4 iw) = sin z cosh w + 7 cos z sinh w.
Use the previous problem recalling that cos (fw) = coshw and sin (iw) = ¢sinh w.

Problem 31 Let x be a real number and n a natural number. Show that

n n+1

n cos 5. sin "T"‘lx . sin g sin "S- w

g cos kr = —=———>— and E sinkr = ———5—>—
= sin 52 P sin 52

As coskx +isinkr = (e”) then these sums are the real and imaginary parts of a geometric series, with

first term 1, common ration " and n 4 1 terms in total. So recalling

rrtl 1
l4+r+r4 =
r—1
we have
oy - s
e —1

einx/Z (e(n+1)ix/2 _ ef(nJrl)i:v/Q)

eir/2 _ g—iz/2

N e |
ema:/22zsm_2 x
2isin iz
sin"T‘H:c
. l .
sin 5z

( nx+_ . TLQ?)
= (cos— +isin —
2 2

The results follow by taking real and imaginary parts.
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9 Distance and Angles in the Complex Plane

Let z = z1 4+ iz2 and w = wy + twse be two complex numbers. By Pythagoras’ Theorem the distance
between z and w as points in the complex plane equals

distance = \/(z1 —w1)? + (22 — wa)?
= [(z1 —w1) +i(22 — w2)|
= |(Zl + iZg) — (w1 + zw2)|
= |lz—w.

Let a = a1 + iag, b = by + ibe, and ¢ = ¢1 + ice be three points in the complex plane representing three
points A, B and C. To calculate the angle L BAC' as in the diagram we see

ABAC = arg(c —a) — arg (b — a) = arg (Z_a).
—a

Note that if in the diagram B and C we switched then we get the larger angle

arg (C — a) =21 — LBAC.

b—a

5 4
. 3.5

4 5+41 3:3i
3
3 2.5
2
2 1.5

1+1
1
1
0.5
1 2 3 4 5 6 0.5 5 2. 35 4
The distance here is V3% + 4% =5 The angle here is arg ( = arg 22 %77

Problem 32 Find the smaller angle { BAC where a =1+, b =3+ 2i, and ¢ = 4 — 3i.

£BAC

I
©
e

03

= arctan <%) =~ 1.3909 radians.



10 A Selection of Geometric Theory

When using complex numbers to prove geometric theorems it is prudent to choose our complex co-
ordinates so as to make the calculations as simple as possible. If we put co-ordinates on the plane we can
choose

e where to put the origin;
e where the real and imaginary axes go;

e what unit length to use.

For example if we are asked to prove a theorem about a circle then we can take the centre of the circle
as our origin. We can also choose our unit length to be that of the radius of the circle. If we have points
on the circle to consider then we can take one of the points to be the point 1. However these choices
(largely) use up all our ‘degrees of freedom’ and any other points need to be treated generally.

Similarly if we were considering a triangle then we could choose two of the vertices to be 0 and 1 but the
other point (unless we know something special about the triangle, say that it is equilateral or isoceles)
we need to treat as an arbitrary point z.

We now prove a selection of basic geometric facts. Here is a quick reminder of some identities (from
Lecture 1) which will prove useful in their proofs.

Z2+z
Rez = 5
_ 2
2z = 2|7,
Rez
cosargz = W

Theorem 33 (THE COSINE RULE). Let ABC be a triangle. Then
IBC|? = |ABJ* + |AC|* — 2|AB||AC| cos A.

We can choose our co-ordinates in the plane so that A is at the origin and B is at 1. Let C be at the
point z. So in terms of our co-ordinates:

BO| = J2—1];
AB| = L
[AC = |4l
A = argz.
So
RHS = |z|°+1—2]z|cosargz
R
= zE+1—2\z|xi
2|
= z2+1—2x(z+z)
= 2Zz+1—2z-7%
= (z-1)(z-1)
= |z—1]* = LHS.

18



Theorem 34 The diameter of a circle subtends a Tight angle at the circumference.

We can choose our co-ordinates in the plane so that the circle has unit radius with its centre at the origin
and with the diameter in question having endpoints 1 and —1. Take an arbitrary point z in the complex
plane — for the moment we won’t assume z to be on the circumference.

From the diagram we see that below the diameter we want to show
T
arg(—1—z) —arg(1—2) = 5
and above the diameter we wish to show that
0
arg(—1—z) —arg (1l —2z2) = -3
Recalling that arg (z/w) = arg z — argw we see that we need to prove that
—1—-z T
= :l:—
e ( 1-2 ) 2

or equivalently we wish to show that (=1 — z) / (1 — z) is purely imaginary — i.e. it has no real part.

To say that a complex number w is purely imaginary is equivalent to saying that w = —w — i.e. that
—1—z\ 11—z
1—z ) 1—2z )
which is the same as saying
-1—-2 1+7%
-2 1-%

Multiplying up we see this is the same as
(-1-2)1-2)=014+2)(1—=2).

Expanding this becomes
—1—z24+zZ+22=142—2—22Z.

. .. . 2 —
Rearranging this is the same as 2z = 1 but as |z|” = 2Z we see we must have
|z| = 1.

What we have now shown is in fact more than the required theorem. We have shown that the diameter
subtends a right angle at a point on the circumference and subtends right angles nowhere else.
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11 Transformations of the Complex Plane

We now describe some transformations of the complex plane and show how they can be written in terms
of complex numbers.

Translations: A translation of the plane is one which takes the point (z,y) to the point (x 4+ a,y + b)
where a and b are two real constants. In terms of complex co-ordinates this is the map z — z + zg where
20 =a+ 1b.

Rotations: Consider rotation the plane about the origin anti-clockwise through an angle «. If we take
an arbitrary point in polar form re? then this will rotate to the point

T€1(9+a) — 7,6206104.

So this rotation is represented in complex co-ordinates as the map z — ze®.

More generally, any rotation of C, not necessarily about the origin has the form z +— az+b where a,b € C,
with |a| =1 and a # 1.

Reflections: We have already commented that z — Z denotes reflection in the real axis.
More generally, any reflection about the origin has the form z — aZ + b where a,b € C and |a| = 1.

What we have listed here are the three types of isometry of C. An isometry of C is a map f: C — C
which preserves distance — that is for any two points z and w in C the distance between f (z) and f (w)
equals the distance between a and b. Mathematically this means

1f (z) = f (W) = [z — w]
for any complex numbers z and w.

Proposition 35 Let f: C — C be an isometry. Then there exist complex numbers a and b with |a| = 1
such that
f(z)=az+b or f(z)=az+Db

for each z € C.

Problem 36 Ezpress in the form f (z) = aZ + b reflection in the line x +y = 1.

Solution one: Knowing from the proposition that the reflection has the form f (2) = aZ + b we can find
a and b by considering where two points go to. As 1 and i both lie on the line of reflection then they are
both fixed. So
al+b = al+b=1,
—ai+b = ai+b=i.

Substituting b = 1 — a into the second equation we find

1
T 144

a = —1,

and b =1 +¢. Hence
fz)=—iz+1+41.

Solution two: We introduce as alternative method here — the idea of changing co-ordinates. We take
a second set of complex co-ordinates in which the point z = 1 is the origin and for which the line of
reflection is the real axis. The second complex co-ordinate w is related to the first co-ordinate z by

w= (1414 (z—-1).
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For example when z = 1 then w = 0, when z = ¢ then w = —2, when z = 2 — ¢ then w = 2, when
z = 2+ 14 then w = 2¢. The real axis for the w co-ordinate has equation z +y = 1 and the imaginary axis
has equation y = x — 1 in terms of our original co-ordinates.

The point to all this is that as w’s real axis is the line of reflection then the transformation we’re interested
in is given by w — w in the new co-ordinates.

Take then a point with complex co-ordinate z in our original co-ordinates system.

Its w-co-ordinate is (1+14) (2 —1) — note we haven’t moved the point yet, we’ve just changed co-
ordinates.

Now if we reflect the point we know the w-co-ordinate of the new point is (1+¢)(z —1) = (1—14)(Z—1).

Finally to get from the w-co-ordinate of the image point to the z-co-ordinate we reverse the co-ordinate
change to get
1-9)Ez-1)

- +l=—iZ-1)+1=—iz+i+1
1414

as required.
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12 Appendix 1 — Properties of the Exponential

In Proposition 17 we stated the following for any complex number z.

2 ZS n

1 z z
+Z+§+§+"'+H+"'
converges to a complex value which we shall denote as e*. The function e* has the following properties
. d z z 0
—_— = = 1
(7) L¢ = e ,
(i%) T = e%e" for any complex z,w,
(441) e® #0 for any complex z.

For the moment we shall leave aside any convergence issues.

To prove property (i) we assume that we can differentiate a power series term by term. Then we have

d - S
—e — J— z JE— JE— oo R PN
dz dz 2! 3! n!

- 041 2z 322 nz?~!

— + _4_54_?4_...—“! 4o

22 n—1
P— 1 _— e — ...
LR I s
= e~

We give two proofs of property (ii)

PROOF ONE: Let x be a complex variable and let y be a constant (but arbitrary) complex number.

Consider the function
F(x) =eVtoeV™o,

If we differentiate F' by the product and chain rules, and knowing that e® differentiates to itself we have
F'(z) = e¥ToeV™" 4 eVt (—eyﬂ’) =0

0

and so F is a constant function. But note that F (y) = e*e? = €2¥. Hence we have

eVtoey= — 2,
Now set z = (z —w) /2 and y = (2 + w) /2 and we arrive at required identity: e*e® = e*t.

PROOF TWO: If we multiply two (convergent) power series

oo oo
Z ant™ and Z b, t"
n=0 n=0

we get another (convergent) power series

o0 n
E cpt™ where ¢, = E arby—k.
n=0 k=0

Consider
o n n
z z
et = E —t" so that a, = —,
n! n!
n=0
oo n n
w w
evt = E —t"™ so that b, = —.
n! n!
n=0
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Then

2w
Cn = —
= k! (n—k)!
RS n! k, n—k
= — 2w
| | — k)
nl ek (n—k)
1 n
= ﬁ(z—i—w) ,
by the binomial theorem. So
zt wt_ooznnoownn_oo(w+z)nn_ (w+z)t
et =Y Tt Dt =) =
n=0 n=0 n=0

If we set t = 1 then we have the required result.

Property (iii), that e® # 0 for all complex z follows from the fact that e*e™* = 1.

12.1 Appendix 2 — Power Series

We have assumed many properties of power series throughout this lecture which we state here though it
is beyond the scope of the course to prove these facts rigorously.

As we have only been considering the power series of exponential, trigonometric and hyperbolic functions
it would be reasonable, but incorrect, to think that all power series converge everywhere. This is far from

the case.

Given a power series ZZOZO an 2" where the coefficients a,, are complex there is a real or infinite number
R in the range 0 < R < oo such that

o0
E anz" converges to some complex value when |z| < R,
n=0

oo
E anz™ does not converge to a complex value when |z| > R.
n=0

What happens to the power series when |z| = R depends very much on the individual power serises.
The number R is called the radius of convergence of the power series.
For the exponential, trigonometric and hyperbolic power series we have already seen that R = oo.

For the geometric progression Y -, 2" this converges to (1 — z)~! when |z| < 1 and does not converge
when |z| > 1. So for this power series R = 1.

An important fact that we assumed in the previous appendix is that a power series can be differenti-

ated term by term to give the derivative of the power series. So the derivative of Y °  a,2" equals
> i na,z""" and this will have the same radius of convergence as the original power series.
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